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(^ , Abstract 

> 

'^ . The Komar integral relation of Einstein gravity is generahzed to Lovelock the- 

. p^ ', ories of gravity. This includes, in particular, a new boundary integral for the 

Komar mass in Einstein gravity with a nonzero cosmological constant, which has 
a finite result for asymptotically AdS black holes, without the need for an infinite 
background subtraction. Explicit computations of the Komar mass are given for 
black holes in pure Lovelock gravities of all orders and in general Gauss-Bonnet 
theories. 



1 Introduction 



In this paper, we ask whether Komar integral relations can be found in higher and lower 
derivative theories of gravity. By 'lower derivative gravity,' we simply mean including a 
non-zero cosmological constant, corresponding to a zero {i.e. lower) derivative term in the 
gravitational action. Recall first how the Komar construction works in Einstein gravity with 
vanishing cosmological constant pp. Assume that we have an asymptotically flat spacetime 
with a Killing vector ^'*. Let E be a spatial hypersurface with boundary (9S. The Komar 
boundary integral is defined to be 

Q= f dSabS/'^e (1) 

This can be rewritten, using Gauss' theorem J^^ dSabUj"''' = /^ dSa'VbUj"''^ and the property of 
Killing vectors VaV^C,^ = —R^c^'^ as the volume integral 



Q= / dSaR\e- (2) 



s 

If the vacuum Einstein equations W^b = are satisfied, then the result that the original 
Komar boundary integral must vanish. We will call this result, that Q = 0, a. Komar 
integral relation. 

In a black hole spacetime, the hypersurface E can be taken to have two boundaries, one 
at infinity and one at the black hole horizon. The statement Q = relates the integrals 
over these two disconnected components of 9S. For static black holes, taking ^" to be the 
time translation Killing vector, the boundary term at infinity is proportional to the mass 
M. The boundary term at the horizon turns out to be proportional to kA, where k is the 
surface gravity and A is the horizon area. The statement Q = relating these two boundary 
integrals then yields the Smarr formula 

fD-2\ kA 

One of the goals of the present work is to understand whether black holes in higher (and 
lower) derivative gravity theories satisfy similar Smarr formulas. 

How does the discussion above change, if the gravitational Lagrangian is changed? The 
relation between the boundary and volume integral expressions for Q remains the same, 
since this only depends on Gauss' theorem. However, the equations of motion no longer 
implies that Q = 0. Hence, there is no longer a Komar integral relation. The question we 
will ask below is whether it is possible to find a new Komar boundary integrand, such that 
the corresponding volume integral again vanishes by virtue of the equations of motion. One 
would then again have a Komar integral relation Q = 0. 

Asking whether the Komar integral construction can be generalized to arbitrary higher (and 
lower) derivative gravity theories would be an unnecessarily complicated starting point. Even 



the apparently simple addition of an R^ interaction to the Lagrangian leads to terms in the 
equations of motion involving the second derivatives of the curvature tensor. The subclass 
of Lovelock gravity theories [2] offers a simpler starting point, with equations of motion 
depending only on the Riemann tensor and not on its derviatives. In this paper, we will 
focus on the Komar construction in this limited class of theories. 

The paper is structured as follows. The basic formalism of Lovelock gravity theories is pre- 
sented in section ([2]). In section Q a new Komar boundary integrand is constructed for the 
still more limited sub-class of pure Lovelock gravity theories, whose dynamics are governed 
by a single Lovelock term. In section (jl]) this result is applied to the black hole solutions of 
pure Lovelock gravity. The Komar construction in the simplest non-pure Lovelock theory, 
Einstein gravity with a non-zero cosmological constant, is studied in section ([5]) and applied 
to Schwarzschild AdS black holes in section ([2]). With these results in hand, in section ([7]) 
we will see how the Komar construction works in a general Lovelock theory and apply it 
to black holes in general Gauss-Bonnet gravity in section ([8]). Section ([9]) contains some 
concluding remarks. 



2 Lovelock Gravity 

The Lagrangian for Lovelock gravity [2] has the form 

k 

L = Y,CkCk (4) 

fc=0 

where each term C^ denotes a certain scalar combination built out of k powers of the Riemann 
tensor. The fc = term is given by £0 = 1- Ks coefficient Cq is proportional to the 
cosmological constant. The k = 1 term is simply the Einstein term £1 = i?, while the term 
quadratic in the curvature is the so-called Gauss-Bonnet term, 

^-2 = Rabcd.R"' '^ — ^RabR"^ + R . (5) 

Each of the terms Ck has the property that in dimension D = 2k its integral gives the Euler 
character. For D < 2k the term Ck vanishes identically. Hence, the fcth order Lovelock term 
contributes to the equations of motion only in dimensions D > 2k + 1. We can therefore 
assume that the upper limit of the sum in (jl]) satisfies k < [{D — l)]/2]. 

An explicit expression for the terms in the Lovelock Lagrangian is 

1 



where the 5 symbol denotes the totally anti-symmetrized product of Kronecker delta func- 
tions 

"bi...b„ - ^-^bi ■■■"b„ - "'•'^[fei • • • %] y') 



Unlike generic higher derivative gravity theories, the equations of motion of Lovelock gravity 
depend only on the curvature tensor and not on its derivatives. The equations of motion 
can be written as Q^'b = J2k<k '^kG^''''°'b = 0, where 

At each order k these tensors satisfy the identity W aQ h = by virtue of the Bianchi 
identity for the Riemann tensor V^aRbcf'^ = and the anti-symmetrization built into the 5 
symbol. 

It will be useful to write the Einstein-like tensors Q^^^'^b in the form 

gik)a^ = 7^W^ - ]^g\Ck, (9) 



^^'^^ = ^^"/tel/f ^e../^^ .... Rc.a^'^f'. (10) 



where the Ricci-like tensor lZ'^^^°'b is given explicitly by 

k 

Taking the trace one finds the useful relation 

n^''^\ = kCk (11) 

which plays an analogous role in Lovelock gravity to the basic relation R^a = R = Ci in 
Einstein gravity. 

In the next section, we will focus on an even more restricted class of theories, which have been 
called pure Lovelock gravities, in which the Lagrangian consists only of a single Lovelock 
term, i.e. for /cth order pure Lovelock gravity the Lagrangian is £ = cCk. The pure Lovelock 
theory with /c = 1 is simply Einstein gravity with zero cosmo logical constant, while for k = 2 
the Lagrangian is a multiple of the Gauss-Bonnet term ([5]). The equation of motion is simply 
^(fc)a^ _ g^ Using the relation ( TTT1) . we see that this implies that 

7^('=)^ = (12) 

or pure Lovelock theories, as in pure Einstein gravity. Note that because of the factor of k 
on the right hand side of ( TTTl) a similar result does not hold in a general Lovelock theory, 
i.e. generally 7^"b = '^^k^^Tl^'^^'^h 7^ for solutions to the equations of motion. Similarly, 
except for the pure Lovelock theories, the field equations for a general Lovelock theory do 
not imply that the Lagrangian vanishes on solutions. 



3 Komar integrals in pure Lovelock gravities 



The Komar construction can be generalized to all pure Lovelock gravities. It is simplest to 
start with pure Gauss-Bonnet gravity, with Lagrangian C = CC2 and equations of motion 



that can be written as 

^(2)a^ = 2{W''''R,,ae - 2R\R\ - 2RZR''c + R\R) = 0. (13) 

In order to make the Komar construction work in this theory, we need to find a new boundary 
term B"'^ for pure GB gravity such that VaB"''' vanishes by virtue of equation flT5|) . 

A simple counting argument suggests what new terms to include in i?"''. In Einstein gravity, 
the Komar boundary integrand in ([1]) has a single derivative acting on the Killing vector. 
Converting the boundary integral to a volume integral via Gauss's theorem adds a second 
derivative. Two derivatives acting on a Killing vector produce a curvature tensor contracted 
with the Killing vector. The equations of motion (iT3l) are purely quadratic in the curvature. 
In order to get such terms in the volume integrand, we need to start with terms in the 
boundary integral that are already linear in the curvature tensor, as well as being linear in 
the first derivative of the Killing vector. 

Given that the boundary integrand B""^ should be antisymmetric, the most general possibility 
is a linear combination of three terms, having the form 

5"'' = aR V^e'' + P{R\VX^ - R^VT) + 7i?"^dV"e^ (14) 

where a, (3 and 7 are numerical coefficients. The Komar boundary integral is Q = / dSabB"'^ 
and the corresponding volume integrand is obtained by taking the divergrance of 5°*, giving 
given by 

VaB^'' = {aVaR + PVcR'a)V''e+{-P^aR'c + lVdR'''ca)VT (15) 

+ { — aRR e — (3R"'cR'^ ae — PR cR'^e " 7-^" cd.R'^ ae)C 

If this entire expression is to vanish by virtue of the equations of motion (TT3l) . then the terms 
proportional to V°^* must vanish identically. Recall that the Riemann tensor satisfies the 
Bianchi identity V[a-R6c]de = 0. Contracting once and then twice with the inverse metric 
gives respectively the relations V dR'^ahc — 2V[6-Rc]e = and 2V aR"'b — ^bR = 0. It follows 
that the necessary cancelation of terms in flTSl) will occur if the coefficients in the boundary 
integrand are related according to integrand must be related according to a = —13/2 = 7. 
Fixing the overall normalization of the boundary term by taking a = 2, one then has the 
result 

Q= [dS^n^'\e = 0, . (16) 



This Komar integral relation is clearly analogous to the result in Einstein gravity. 

We now ask whether the Komar integral relations of pure Einstein and pure Gauss-Bonnet 
gravities can be generalized to all pure Lovelock theories? In order to see how this will work, 
we can write the Komar boundary integrands, renamed 5^^)'^* for Einstein gravity and 5(2)"* 
for Gauss-Bonnet gravity, in the more manifestly Lovelock form 



^5,",^V^e', B^'>' = i 



^{l)ab ^ -5'^^y^^\ 5(2)«;' = _^a6cd^ye^/)^^^5ft_ ^^7^, 



The forms of these terms suggest that for kth order pure Lovelock gravity {i.e. with La- 
grangian C = cCk) one should try the boundary term 



Now consider the computation of Va-B*^'^-'"^- Potential contributions that come from the 
derivative acting on one of the curvature tensors all vanish due to the Bianchi identity 
V[a-Rbc]'^'^ = together with the antisymmetry of the 5 symbol. One is left with a single term 
that has two derivatives acting on the Killing vector. After using the relation V a^b^c = 
—Rhca'id^ one has k powers of the curvature tensor contracted with the antisymmetric 5 
symbol and further manipulations lead to the result 

Since the pure Lovelock equations of motion can be put in the form TZ'^^^"'^ = 0, we then have 
"^ ^j^{k)ab _ g^ ^^^ therefore the Komar integral relation 

Q= f dSabB^'^''' = 0. (20) 

The Komar boundary integrands given above for pure Lovelock gravities are the duals of the 
Noether charges derived for these theories via the general methods of references [21 Hj . This 
relation will no longer hold for the Komar boundary integrands for general Lovelock theories. 
The volume integrand for the Noether charges of [3l H] is given by the interior product of 
the Killing vector with the Lagrangian, regarded as a D-form. As noted in section ([2]), the 
Lagrangian vanishes on solutions only for pure Lovelock gravities. 



4 Example: black holes in pure Lovelock gravity 



One can check that the Komar boundary terms given in section [3] for pure Lovelock gravities 
give sensible results. The static, spherically symmetric solutions of pure Lovelock gravity 
theories have been studied in reference [S] and have the form 

o n dr r, r, D-(2k + l) 

ds" = -fde + -r + r^d^D-2, / = 1 - a/r^TT^ (21) 

where a is a dimensionful constant and it is assumed that D > 2k + 1. We write the 
metric on the unit {D — 2)-sphere in terms of coordinates x* as dQ'jj_2 = 'jijdx'^dx^ . For our 
computation of the Komar boundary term, we will need the curvature component 

^./^ = ^(1 - m; (22) 



We will also need the nonzero components of V"^'' for the time translation Killing vector 
^« = {d/dty, which are given by V^* = -V*^'' = drf /2. 



For A; = 1, i.e. pure Einstein gravity, equation (l2Ti) reduces to the Schwarzschild solution 
and the metric function / has the falloff at large r characteristic of standard asymptotically 
fiat boundary conditions. However, for k > 2 the metric function / falls off less rapidly. 
Nevertheless, it is argued in [5] that a reasonable definition of the ADM mass based on an 
analogue of the canonical formalism of reference [B] yields 

M = ca^ (23) 

where c is a numerical coefficient (see also e.g. references [H [9] for discussions of the 
definition of energy in higher derivative gravity theories). In order to say whether, or not, 
the Komar boundary term in pure Lovelock gravity is sensible, we will ask whether the Komar 
boundary term evaluated at infinity for the time translation Killing vector, the analogue of 
the Komar mass, is finite, non-zero and also proportional to a^ for the spacetimes ( 12T|) . 

The Komar boundary integral over a sphere at spatial infinity is given by Qoo = J dSrtB^^ 
with dSrt = \r^~'^dQD-2- Given that the only nonzero components of V°^^ are V^^* = 
— V*^*", one finds that 

B^' = ^( ve*) 5K::£:S:l Rnn'-'' ■ ■ ■ Rr^-.^.^.'^-'^-^ (24) 

For the form of the metric function / in fl2Tl) . we have 

^r^t D-{2k+l) D-{2k+l) g-(2fc+l) ., 

VT = \ -df " \ Ri-=ar k ^Sf^ (25) 

Putting all these ingredients together, one finds that 

Qoo = £a^ (26) 

where c is another numerical factor . Comparing with ( |23|) . we see that the Komar boundary 
term is finite, non-zero and proportional to the ADM mass for these spacetimes. 



5 Lower derivative gravity: A 7^ 0? 



Given that pure Lovelock gravity theories have Komar integral relations, it is now natural 
to ask whether general Lovelock gravity theories do as well? However, before addressing 
this question in general, recall that Lovelock gravity also has a contribution at zeroth order 
in curvature. The simplest example of a more general Lovelock theory is therefore Einstein 
gravity with a non-zero cosmological constant. Before proceeding to higher orders in curva- 
ture, we need to know whether Komar integral relations exist in lower curvature gravity, i. e. 
with A 7^ 0. 
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This is clearly necessary in order for a result in general Lovelock gravity to hold. However, 
it is of even more interest in its own right, given that Einstein gravity with A 7^ may well 
describe our universe. Still, we will see that having a Lovelock perspective on this question 
is useful in that it leads to a natural construction, that one might not otherwise have been 
led to consider. 

Let us return to the Komar integral construction for Einstein gravity. Clearly the volume 
integral ([2]) does not vanish with A 7^ 0, and hence we will no longer have a Komar integral 
relation. This situation was considered some years ago in reference [10], where the main 
concern was to have a well-defined method of computing a finite Komar mass in asymp- 
totically AdS spacetimes. If one naively tries to evaluate the Komar mass in this case by 
computing the boundary integral ([1]) at infinity, the result is infinite, reflecting the infinite 
volume contribution from A 7^ 0. The prescription of [10] for obtaining a finite Komar mass 
involves regularizing the computation and making a background subtraction that becomes 
infinite as the regularization is removed. The Komar mass computed in this way for AdS 
spacetime itself then vanishes. This background subtraction method has been used recently 
to compute the conserved quantities in higher dimensional Kerr-AdS spacetimes (see e.g. 
reference [H]). We will see that applying a Lovelock perspective to this problem yields an 
alternative construction. 

Accordingly, let us ask whether it is possible to find a new Komar boundary integrand, 
such that the Einstein field equations with A 7^ make the corresponding volume integrand 
vanish? The Lovelock perspective suggests that we work out what sort of term is necessary 
by counting derivatives. In Einstein gravity with A = 0, which is quadratic in derivatives of 
the spacetime metric, the boundary term ([T]) has one derivative acting on the Killing vector. 
In the last section, we saw that in order to accommodate the four derivative interactions of 
quadratic gravity, we had to have a Komar boundary integral which was cubic in derivatives, 
one derivative acting on the Killing vector and two in the curvature tensor. A similar result 
held for all the pure Lovelock theories, 2fc-derivatives in the Lagrangian, required a Komar 
boundary term with 2k — 1 derivatives. The cosmological constant term in the Lagrangian 
has derivatives. Therefore, we should look for a term to add to the boundary integral that 
in some appropriate sense has —1 derivatives. 

How can we make sense of a —1 derivative boundary term? Recall that a Killing vector 
satisfies Va^" = 0. It is therefore possible, at least locally, to write the Killing vector in 
terms of a rank 2 antisymmetric potential cj"* = uj^"''^^ as 

e = Vauj'^'. (27) 

Note that u"'^ is not determined uniquely. One can always add to it a term of the form VcA"*'^, 
corresponding to an exact form, or a term uj"''' that satisfies VaOJ""^ = 0, corresponding to 
non-trivial cohomology, without affect the relation fl27|) . Addition of an exact form will not 
affect the Komar boundary integral defined below. We will see in the example in section 
([6]) that it is in practise not difficult to exclude the potential contribution from non-trivial 
cohomology. 



The antisymmetric tensor u"-'' fits nicely into the formahsm. The Einstein equations with 
A 7^ are given by Rat = 'i^gab/{D — 2). It is straightforward to check that the new Komar 
boundary integral 

satisfies (5 = 0. Writing the Killing vector ^"^ in terms of the antisymmetric potential a;"^ 
achieves the goal of acting with —1 derivatives on the Killing vector. 



6 Example: Schwarzschild-AdS 



This new formulation for the Komar mass with A 7^ can be checked by computing the 
Komar mass for Schwarzschild-AdS spacetimes, 

,2 r ,2 dr'^ 2 ,..2 . . levrGM 2A 2 /^^x 



where M is the ADM mass as determined by e.g. by the methods of [12]. The Komar mass 
is equal, up to a normalization factor, to the Komar boundary term evaluated at infinity for 
^'^ = {d/dtY. 

The quantity u""^ appearing in the boundary term satisfies equation ^I7\ . We look for a spher- 
ically symmetric solution, which reduces the problem to finding cu^* such that -^=2dr{r^^^uj^^) ■ 
1. This is solved by 

The second term is dual to the volume form on the D — 2 sphere. Its integral over a sphere 
of constant radius is independent of the radius. Recalling that S is a spatial slice with an 
inner boundary at the horizon, it is clear that this second term comes from the nontrivial 
cohomology of E. We can exclude this contribution, which in any case would cancel out 
from a Smarr formula, by setting rj = 0. 

Near infinity on a spatial slice, the volume element on a sphere is given by dSrt = —dStr = 
{l/2)r^~'^dVto-2- The derivative of the Killing vector is given by 

1 MGM , 2Ar 

The boundary integral at infinity, Qoo, is then found to be 

Qoo = 2 /" dSrt (v^e + -^^^A = S^G-M. (32) 

The divergent contribution of the second term in (!3T!) is exactly cancelled by the contri- 
bution of the antisymmetric tensor potential. The infinite background subtraction of the 
prescription of [10] is effectively carried out by cancellations within the boundary integrand 
itself 



7 Komar integrals in general Lovelock gravity 



A Komar integral relation was found in section ([5]) for the simplest non-pure Lovelock theory, 
Einstein gravity with A 7^ 0. This construction required adding a new contribution u"'^ to 
the boundary term, whose existence followed from the divergence-free property of the Killing 
vector ^". The Komar construction in general Lovelock gravity will require additional terms 
of a similar nature. 

A current divergence free current J'^''^"- can be associated with each of the Lovelock terms 
by the definition 

j{k)a ^ g{k)a^^b_ ^33^ 

Therefore at least locally one can write 

J^(^)'^ = Vfecj('=)^" (34) 

with u^''^"-^ antisymmetric [TTj. A candidate Komar boundary term for general Lovelock 
gravity includes both the forms B^''^"'^ and uj^^^'^^ with arbitrary coefficients 

B''^ = J2 {dkB^^'^"^ + Cfccu^^)"'') . (35) 

k<k 

Its divergence is given by 

^^B^k)ab ^ Yj,_^^^[k)b^ ^ ekG^^^\)C (36) 

k<k 

The coefficients dk and e^ are determined by requiring that V aB""^ = by the equations of 
motion. There turn out to be a number of ways to do this. One way is to simply set the 
coefficients dfc = and to take all the coefficients e^ equal. The right hand side of (l36ll is 
then simply proportional to the equations of motion in their original form ^;,<^ Ck'5^^'°'h = 0. 
However, for pure Einstein gravity this choice would not give the Komar boundary term. 

It is also necessary to require that for A; = 1 we recover the Komar boundary term of 
section ([5]). The following choice satisfies this criterion and leads to a unique solution for the 
remaining coefficients. Take e^ = and fix the overall normalization of the boundary term 
by taking d^ = c^. Equation fl5B]) can then be rewritten as 

VaB^'^'^' = -c-,n^'^\c + J2 ((^'^ - dk)n^'^\ - Ickg'cCk] r, (37) 

k<k ^ ^ 

One can now solve the equations of motion for TlP^^^-i, in terms of the other quantities ap- 
pearing in (P7|) to get 

c^7^(^)^ = _ ^ c, {n^^^\ + {^:L^)g\ci\ . (38) 

k<k ^ ^ 



Plugging this into equation (137|) . and requiring that the coefficients of the quanties TZ^''^"'b and 
Ck vanish then fixes the coefficients dk and e^ with k < k. The resulting Komar boundary 
integrand for a general Lovelock theory is then given by 

5.5 ^ ^_^(^H ^J2^^ ((fff)^^'^'^' + 2(|f|)-^'^'^') • (39) 

k<k ^ ^ 

The starting choice of c?^ = c^ and e^ = is not entirely unique. The criteria Va-B"^ = can 
also be satisfied by picking a different value k in the range 1 < k <k and setting dj^ = Cf, and 
e^ = 0. The resulting boundary term would have the same form as ( l39l) but with k replacing 
k. Always making the choice A; = 1, independent of the value of fc, would then also satisfy 
the additional criteria that for fc = 1 one gets back the correct Komar boundary term. 

The choice made above privileges the highest order term in the theory, while the alternate 
choice privileges the Einstein term. One way to justify the choice of fc = fc is to note that 
given a choice of /c, the calculation of the remaining coefficients in (l39l) requires that c^ 7^ 0, 
while the other coefficients c^ in the Lagrangian can be freely varied. Keeping c^ 7^ fixes 
the behavior of the theory at large curvature, an important aspect of the theory, determining 
e.g. the number of constant curvature vacua. Keeping c^ 7^ for some k < k, on the other 
hand, is more like fixing a detail of the theory, rather than its general character. 

One may be interested in the nonvacuum case as well. The equations of motion are then 
given by Q'^b = SvrT";, where Q°'h = '^k<k ^^''^"'b- The divergence of the boundary term (l39l) 
is then given by 

VaB'^' = -87r(T^ - .^—^g\T\)C (40) 

U — 2k 

In this case the Komar integral relation will involve a non-zero volume term as well [T8] . 



8 Example: Gauss-Bonnet gravity 



The full expression ( 139|) for the Komar boundary term in Lovelock gravity is fairly com- 
plicated, and it is natural to want to check that it gives sensible results. This was done 
already in section ([S]) for the case k = 1, Einstein gravity with A 7^ 0. In this section, we 
work out an example that includes higher derivative interactions as will. Consider a general 
Gauss-Bonnet gravity theory, described by the Lagrangian 

C = C2C2 + ciCi + cqCq. (41) 

Static, vacuum black holes in this theory have been studied in references [201 EH ESI ES EH 
[T9l [25| |26| . These have the form 

dv 
d.s' = -f{r)dt' + 7(0 ^ ''''^^^-' ^^^^ 
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where the metric function /(r) can be found from the tt component of the equations of 
motion, which requires that 



dr 



D-1 I ^ i^-ff ^ - (1-/) ^ ^ 



(43) 



where cq = cq, ci = {D - 1){D - 2)ci and ca = (£> - 1){D -2){D- 3){D - 4)c2. 

The metric function / is then easily found by writing F = 1 — f and solving the equation 

PIF] = ^,, P[F] = &2^ + &.^, + £0 (44) 

with A an arbitrary constant. The explicit solutions are given by 



gi(-..J,-4,.--,^ 



/(r) = 1 + TTT^ I -ai ± t/a? - 4(co - ^jj-^)c, | (45) 



Assuming that cf — 4coC2 > 0, the solutions are generally asymptotically (A)dS, with asymp- 
totically fiat solutions only in the + branch for cq = 0. The parameter A is proportional to 
the mass of the spacetime |25j . 

Let us now evaluate the Komar boundary integral for a sphere of constant radius on a 
constant time slice. If the boundary term fl39l) is sensible, then we expect that in the limit of 
large radius, the Komar integral should be finite and proportional to the gravitational mass, 
i.e. to the parameter A. However, because Va-B"^ = 0, the integral should be independent 
of the radius of the sphere. Let us see how this comes about. 

Plugging k = 2 into the expression (1391) for the boundary term, we find 

^ab ^ ■g(2)ab ^ £^ QiDab ^ _J_ (l)ab ^ ^^ (0)afe_ (^g) 

D-A D~A D-4 ^ ' 

For the integral over the sphere, we need only the component B"^* . The necessary ingredients 
are found to be 

r^ 2 

Assembling these, one finds that B^^ can be expressed in terms of the function P\F\ given 
above in equation (jSl), 

^^' -- (D- lUD - 4) {S^-^W + '^WJ - 2iD -m^ro-r <«) 

Integrating over a sphere of radius R one finds 

{D - 5)(]z._2A 
^^ = 2{D-l)iD-4) (^°) 
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which is independent of the radius of the sphere and proportional to the gravitational mass. 
Recall that in section (^, the additional term a;"'' added to the Komar boundary integral of 
pure Einstein gravity served to cancel out the infinite contribution coming from the cosmo- 
logical constant. The boundary term in Gauss-Bonnet gravity makes this work out for both 
of the two possible asymptotic constant curvature vacua. Note that the metric function for 
a black hole in a general Lovelock theory is given by a solution to a polynomial equation 
similar to (jH]) ^2] (see also [221 )• It is natural to expect that the Komar boundary term 
for a constant radius sphere in such a spacetime can similarly be written in terms of this 
polynomial. 



9 Conclusions 



Through a series of steps we have developed a generalization of the Komar integral con- 
struction that holds in a general Lovelock gravity theory and checked that it gives sensible 
results. There are a number of further directions that would be interesting to pursue. 

As noted in the introduction, the Komar construction in Einstein gravity is used to derive 
the Smarr formula ([3]). One should also be able to do this for Lovelock theories [2S]. The 
terms B^'^^"'^ include k — 1 powers of the curvature tensor and appear to have the right forms 
to reproduce the Lovelock contributions to black hole entropy [30] when evaluated on the 
horizon. The terms to^''^"'^, however, are new and their interpretation in black hole thermo- 
dynamics will need to be clarified. This is already the case for the tu^^-*"^ contribution in 
Einstein gravity with a nonzero cosmological constant. Smarr formulas are generally related 
to the first law of black hole thermodynamics via a scaling argument (see e.g. references 
J3T| [32])). It was suggested in pi] that the Smarr formula with A 7^ may be connected 
to a first law that includes variations in A. Such an approach was taken in reference [33] . 
and the Smarr formula found there by integrating the first law includes an additional term 
proportional to A. Possibly the other terms in the Smarr formula, coming from integrating 
the forms uj^''^"''' on the horizon, have a similar origin in a first law that includes variations 
in the coefficients of the subleading terms in the Lovelock Lagrangian. 

Finally, having established that the Komar construction holds in the Lovelock subclass, it 
will be interesting to return to the question of whether Komar integral relations exist in more 
general higher derivative gravity theories. In this case, the equations of motion will depend 
on derivatives of the curvature tensor as well. For quadratic curvature theories, additional 
boundary terms such as (V'^'-R)^''' and (V'"i?c j^*^ can arise. This analysis is left for future 
work. 
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